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Abstract
The model for the QCD analytic running coupling, proposed recently, is ex-
tended to the timelike region. This running coupling naturally arises under
unification of the analytic approach to QCD and the renormalization group
(RG) formalism. A new method for determining the coefficients of the “an-
alytized” RG equation is elaborated. It enables one to take into account the
higher loop contributions to the new analytic running coupling in a consistent
way. It is shown that the difference between the values of the new analytic
running coupling in respective spacelike and timelike regions is rather valu-
able for intermediate energies. It is essential for the correct extracting of the
running coupling from experimental data.





The description of hadron dynamics in infrared (IR) region remains an urgent problem of
contemporary elementary particle theory. The asymptotic freedom in quantum chromody-
namics (QCD) enables one to apply the standard perturbative approach at large momenta
transferred. However, a number of phenomena (for example, quark connement, nonvan-
ishing vacuum expectation values, etc.) are beyond such calculations. Moreover, the use of
perturbation theory results in known unphysical singularities in the IR region (for example,
the ghost pole appears in the expression for the running coupling).
Recently a new model for the QCD analytic running coupling has been proposed [1]. The
basic idea of this model is unication of the analytic approach to QCD [2] with the renor-
malization group (RG) formalism for recovering proper analytic properties of the theory. An
obvious advantage of the new analytic running coupling (NARC) is that it incorporates IR
enhancement with asymptotic freedom behavior in a single expression and does not contain
additional parameters. In Refs. [1,3,4] it was shown explicitly that the new analytic running
coupling, without any additional assumptions, leads to the quark-antiquark potential rising
at large distances. In addition, a reasonable estimation of the parameter QCD was obtained
there. The absence of unphysical singularities in the physical region of positive1 q2 is also
an appealing feature of NARC.
The objective of this paper is to construct consistent continuation of the new analytic
running coupling to the timelike region and to elaborate the method for determination of the
coecients of \analytized" RG equation (i.e., RG equation with recovered proper analytic
properties, see Sec. II). The latter enables one to take consistently into account the higher
loop contributions to the new analytic running coupling in the spacelike region.
The layout of the paper is as follows. In Sec. II the new analytic running coupling
is considered in the spacelike region. The method for determining the coecients of the
analytized RG equation is proposed, that enables one to take consistently into account the
higher loop contributions to NARC. In Sec. III the continuation of the new analytic running
coupling to the timelike region is constructed. It is shown that distinction between the
corresponding values of NARC in the spacelike and timelike regions becomes valuable in
the intermediate energy region. This fact may be important when extracting the QCD
running coupling from experimental data. Further, it is shown explicitly that for the one-
loop timelike NARC the respective β function is proportional to the spectral density, thus
conrming the hypothesis due to Schwinger. In the Conclusions (Sec. IV) the obtained
results are formulated in a compact way, and further studies in this approach are outlined.
II. NEW ANALYTIC RUNNING COUPLING IN THE SPACELIKE REGION
In paper [1] a new model for the QCD analytic running coupling has been proposed.
The model is based on the unication of the so-called analytic approach to QCD [2] with
1In this paper a metric with signature (−1, 1, 1, 1) is used, so that q2 > 0 corresponds to a spacelike
momentum transfer.
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the RG formalism. Obvious advantage of the new analytic running coupling is incorpora-
tion, in a single expression, of IR enhancement2 and asymptotic freedom. Remarkably, the
model contains no additional parameters. Similarly to the standard case, QCD remains the
only characterizing parameter of the theory. By making use of the NARC in Refs. [1,3,4]
the conning interquark potential was explicitly derived without invoking any additional
assumptions, the acceptable estimation of the parameter QCD being obtained. It is worth
noting also that NARC is free of unphysical singularities in the physical region q2 > 0.
According to Ref. [1], in the spacelike (Euclidean) region q2 > 0 the new analytic running
coupling at the `-loop level, Nα(`)an (q
















2) is the `-loop perturbative running coupling, α˜(q2)  α(q2) β0/(4pi). The curly
brackets fS(q2)gan mean the \analytization" (i.e., the recovering of proper analytic proper-




















S(−σ − iε)− S(−σ + iε)
]
. (3)
In addition, according to the denition [1], the solution of the RG equation (1) before
analytization must be the perturbative running coupling at the respective loop level. In













must hold. It is this condition that enables one to determine consistently the coecients Bj
on the right hand side of Eq. (1).
Let us consider for this purpose the standard RG equation for the invariant charge g(µ)










For the β function the perturbative expansion


















+ . . .
 (6)
takes place, where β0 = 11 − 2 nf/3, β1 = 102 − 38 nf/3, and nf is the number of active








Introducing the standard notation αs(µ
2) = g2(µ)/(4pi) and α˜s(µ
2) = αs(µ
2) β0/(4pi), Eq.














if one puts Bj = βj/(β0)
j+1. Actually, in this case Eq. (4) is nothing but the standard
perturbative RG equation that denes the invariant charge.
Thus, in the spacelike region the new analytic running coupling at the `-loop level Nα(`)an(q
2)





























It is worth noting here that for Nα(1)an(q























At the higher loop levels there is only integral representation for the new analytic running



















where z0 = q
2
0/













α˜(`)s (−σ + iε)
]j+1}
, σ  0. (14)
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It should be noted here, that in the both cases, when σ ! 1 and σ ! 0, and at any
loop level R(`)(σ)  ρ(1)(σ) = (ln2σ + pi2)−1. Figure 1 shows the new analytic running
coupling (13) computed at the one-, two-, and three-loop levels. It is clear from these curves
that NARC possesses a quite good loop stability.
An important merit of the new analytic running coupling is that it allows one to obtain
the conning quark-antiquark (qq) potential without invoking any additional assumptions
[1,3]. Besides, the interquark potential contains no adjustable parameters (it depends solely
on the distance r and parameter QCD), and it has the standard behavior at small distances
prescribed by the asymptotic freedom. Comparison of the qq potential generated by the
NARC [1] with the phenomenological (Cornell) potential and with the lattice simulation
data [8], as well as the estimation of the gluon condensate value on the base of NARC give
a consistent value3 of the parameter QCD:  ’ 0.60  0.09 GeV. This can be considered
as an evidence of the fact that the new analytic running coupling adequately accounts the
nonperturbative nature of QCD.
III. NEW ANALYTIC RUNNING COUPLING IN THE TIMELIKE REGION
In the previous Section the denition of the new analytic running coupling in the spacelike
region has been given. However, for consistent description of a number of QCD processes
(for example, e+e− annihilation to hadrons) one has to use the continuation of the running
coupling to the timelike region.
By making use of the dispersion relation for the Adler D function, the procedure of
continuation of the invariant charge from the spacelike region to the timelike region (and
vise versa) was elaborated in Ref. [9]. In particular, if the running coupling in the spacelike









α(−ζ), s > 0, (15)
where the integration contour goes from the point s + iε to the point s− iε and lies in the
region of analyticity of the function α(−ζ). Here and further the running coupling in the
spacelike region is denoted by α(q2) and in the timelike region by α̂(s).
In order to simplify Eq. (15) let us choose the integration contour in the following way.
From the point s + iε the integration path goes in a parallel way with the real axis to
innity, then along the circle with an innitely large radius it goes counter-clockwise to the
point (1− iε), and then it goes in a parallel way with the real axis to the point s − iε.
As a result, the continuation of the one-loop new analytic running coupling Nα(1)an(q
2) to the













3This estimation corresponds to the one-loop level with three active quarks.
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with the spectral density Nρ(1)(σ) dened in Eq. (12).
It is interesting to note here that, in our approach, a simple relation holds between the












Thus the β function in question proves to be proportional to the spectral density Nρ(1)(σ).
Obviously, this result completely agrees with the attempts, originated by Schwinger [10], to
nd a direct physical interpretation of the β function (the so-called Schwinger hypothesis,
[11,9]).
The account of higher loop corrections leads to signicant technical complications. So,
at the `-loop level for the new analytic running coupling in the timelike region the integral
























where R(`)(σ) is dened in (14).
The plots of the functions Nα(1)an(q
2) and Nα̂(1)an(s) are shown in Fig. 2. At large values of the
arguments these expressions have identical behavior prescribed by the asymptotic freedom
α(q2)  1/ ln jzj. However, for intermediate energies the dierence between these couplings
is rather valuable. The ratio of the one-loop new analytic running coupling in the spacelike
region Nα(1)an(q
2) to its continuation to the timelike region Nα̂(1)an(−q2) is presented in Fig. 3. It
follows from this gure that the deviation is about 10% when
p
s ’ 10 GeV. Apparently,
this circumstance should be taken into account when extracting the QCD running coupling
from experimental data (see, e.g., recent results obtained by CLEO collaboration [12] and
references therein).
IV. CONCLUSION
This paper is a further development of the new model for the QCD analytic running
coupling proposed in [1]. This running coupling naturally arises under unication of the
analytic approach to QCD with the RG formalism. The elaborated method for determination
of the coecients of the analytized RG equation enables one to take consistently into account
the higher loop contributions to the new analytic running coupling. The continuation of
the NARC to the timelike region is constructed. It is demonstrated that the dierence
between the respective values of the new analytic running coupling in the spacelike and
timelike regions is considerable for intermediate energies. It is plausible that this fact may
be important for extracting the running coupling from experimental data. It is shown that
for the one-loop timelike new analytic running coupling the hypothesis due to Schwinger is
conrmed.
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In further studies it would be useful to obtain simple explicit expressions which approx-
imate the new analytic running coupling in the spacelike and timelike regions with account
of the higher loop corrections.
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FIGURES
FIG. 1. The normalized new analytic running coupling α(z) = Nα˜an(q2)/ Nα˜an(q20) in the
spacelike region at the one-, two-, and three-loop levels. The normalization point is q20 = 10Λ
2,
z = q2/Λ2.
FIG. 2. The one-loop new analytic running coupling in the spacelike (q2 > 0) and timelike
(s = −q2 > 0) regions (Eqs. (10) and (16), respectively), z = q2/Λ2.
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100% between the values
of the one-loop new analytic running coupling in the spacelike and timelike regions, z = jq2j/Λ2.
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